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PRESERVING AFFINE BAIRE CLASSES BY PERFECT AFFINE 

MAPS 

ONDREJ F.K. KALENDA AND JIRI SPURNY 


Abstract. Let </?: A ^ y be an affine continuous surjection between com¬ 
pact convex sets. Suppose that the canonical copy of the space of real-valued 
affine continuous functions on Y in the space of real-valued affine continuous 
functions on X is complemented. We show that if F is a topological vector 
space, then f:Y ^ -F is of affine Baire class a. whenever the composition 
/ o 9 ? is of affine Baire class ol. This abstract result is applied to extend known 
results on affine Baire classes of strongly affine Baire mappings. 


1. Introduction and the main results 

Let tp-. X —>■ Y be a continuous surjection between compact Hausdorff spaces. 
If /: Y —5> T is a mapping with values in a topological space T, some properties of 
/ can be deduced from the properties oi f o p. In particular, since is a closed 
mapping, it is easy to check that / is continuous if and only if / o is continuous. 
Analogous statements hold for Borel measurable, Baire measurable and resolvably 
measurable mappings due to [2] . We formulate them in the following theorem where 
we use the notation from [7]. 

Theorem A. Let p: X ^ Y be a continuous surjection between compact Hausdorff 
spaces, f: Y ^ T be a mapping with values in a topological space T and a < uji. 

(1) / is Borel measurable if (and only if) fop is Borel measurable. Moreover, f 
is YafBoslY))-measurable if (and only if) fop is T,a{Bos{X))-measurable. 

(2) / is resolvably measurable if (and only if) fop is resolvably measurable. 
Moreover, f is Tia(H.s{Y))-measurable if (and only if) fop is Sq(Hs(A))- 
measurable. 

(3) / is Baire measurable if (and only if) fop is Baire measurable. Moreover, f 
is E„(Bas(Y))-77ieasMra6/e if (and only if) fop is Ya((Beis{X))-measurable. 

Let us explain it in more detail. The notation and terminology follow [7]. A 
mapping /: Y —>■ T is Borel measurable if the inverse image of any open set is a 
Borel set. Similarly, / is Baire measurable if the inverse image of any open set 
belongs to the Baire cr-algebra (i.e., to the cr-algebra generated by cozero sets); 
and / is resolvably measurable if the inverse image of any open set belongs to the 
(T-algebra generated by resolvable sets. Further, / is EQ,(Bos(Y))-measurable if 
f~^{U) G Eq(Bos(Y)) for any open set U C T. Similarly we define Ea(Bas(Y))- 
measurable and Etj(Hs(Y))-measurable mappings. 
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The ‘only if’ parts of all the three assertions of Theorem A are obvious. The 
‘if part’ of the assertion (1) follows from [SJ Theorem 10] and that of the assertion 
(2) follows from (3) Theorem 4]. To show the ‘if part’ of the assertion (3) we first 
observe that by [I] Theorem 2] the mapping / is Baire measurable whenever foip is 
Baire measurable and we conclude by using [T] Theorem 3.6] saying that a mapping 
is Ea(Bas(y))-measurable if and only if it is Baire measurable and Ea(Bos(y))- 
measurable. 

If T is a convex subset of a Frechet space, the hierarchy of Baire measurable 
mappings corresponds to the hierarchy of Baire functions. Since we will need more 
such hierarchies, we will introduce it in an abstract setting: 

Given a set S', a topological space T and a family of mappings J- from S to T, 
we define the Baire classes of mappings as follows. Let (J^)o = -S. Assuming that 
a G [l,a;i) is given and that (J ^)/3 have been already defined for each /3 < a, we set 

(-S)q, = {/: S —t T; there exists a sequence (/„) in 

0<a 

such that fn^f pointwise}. 

In particular, if S and T are topological spaces, by Ca{S,T) we denote the set 
(C(S, T))a, where C{S, T) is the set of all continuous functions from S to T. Further, 
by Ca{S) we mean Ca(S,R). 

It is known (see, e.g. [U Lemma 3.2]) that, whenever T is a compact space 
and r is a convex subset of a Frechet space, then a mapping f : Y ^ T belongs 
to Ca(Y,T) if and only if it is EQ,+i(Bas(y))-measurable. Therefore we have the 
following equivalence: 

Theorem B. Let (p : X ^ Y be a continuous surjection between compact spaces 
and T be a convex subset of a Frechet space. Let f: Y ^ T be a mapping and 
a <uji. Then f £ Ca{Y,T) if (and only if)fo(pG Ca{X,T). 

Now, suppose that X and Y are, moreover, compact convex sets (i.e., compact 
convex subsets of locally convex spaces) and the continuous surjection ip is affine. 
We address the following question: 

In this setting, does an analogue of Theorem B hold for affine Baire classes? 

Let us first recall the definition of affine Baire classes: If T is a compact convex 
set and T is a convex subset of a topological vector space, by 2l(y, T) we denote 
the set of all affine continuous functions dehned on Y with values in T and, for 
a < wi we set 2tQ,(y, T) = (2t(y, T))q. Further, 2t(y) stands for the space 21(1",R) 
and 2la(y) means 2ta(y,R). 

Hence, the precise question we address is the following: 

Assuming that f o ip ^ 2la(A, T), is necessarily f G 2lQ,(y, T) ? 

It is clear that / is affine whenever f oipis affine. Therefore the answer is positive 
in case 0 = 0. It is further positive if T = R and a = I, since in this case the 
class 2ti (y, R) coincides with the class of all affine functions belonging to C\ (y, R) 
by a result of Mokobodzki [3 Theorem 4.24]. However, the answer is negative in 
general. More precisely, for a > 2 it is negative even for scalar functions and for 
a = 1 it is negative for vector-valued functions. 

Let us explain it more detail. Let Y be an arbitrary compact convex set. If p. is 
a Radon probability measure on Y, then there is a unique point x G Y such that 
u{x) = f u dp for any u G 2l(y). This unique point is called the barycenter of p 
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and is denoted by r(/i) (see O Definition 2.26]). Further, a function f: Y —)> R is 
called strongly affine if for each Radon probability /i on X / is /r-integrable and 
//dp. = f{r{iY)). The same definition can be used for /: F F, where F is a 
Frechet space (see [4]). Since the vector integral used in the definition is the Pettis 
one, such / is strongly affine if and only if r o / is strongly affine for each t G F* 
(see [H Fact 1.2]). We will use this characterization as a definition. 

If we set X = A4^(Y), the set of all Radon probability measures on Y equipped 
with the weak* topology, then X is again a compact convex set and, by [S] Propo¬ 
sition 2.38] the mapping r: p i—r(p) is a continuous affine surjection. Moreover, 
by [6l Proposition 6.38] the set X is a Bauer simplex (i.e., a Choquet simplex with 
closed set of extreme points), therefore by [U Theorem 2.5] any strongly affine map 
g : X ^ F with values in a Frechet space F which belongs to Ca{X,F) in fact 
belongs to %a{X,F). 

Now, by [5] there is a compact convex set Y and a strongly affine function 
/ S C 2 {Y) such that / ^ Ua<i.ji 2la(F). If we choose X and r as in the previous 
paragraph, then f or G 2l2(X). Similarly, by (4] Theorem 2.2] there is a compact 
convex set F, a Banach space F and a strongly affine / G Ci(Y,F) such that 
/ ^ Ua<a;i ^)' choose X and r as above, we get f or G 2li(X, F). 

The main result of the present paper is a sufficient condition for a positive 
answer. To formulate it we need the following notation. Let (p: X —5> F be a 
continuous affine surjection between compact convex sets. We define a mapping 
(p* : 21(F) —2((X) by p*if) = f o p. Then p* is an isometric embedding of 21(F) 
into 2l(X). 

Theorem 1.1. Let X and Y be compact convex sets, p\ X ^ Y a continuous 
affine surjection such that (p*(21(F)) is a complemented subspace o/2l(X). Let F 
be a topological vector space. Let f : Y ^ F be such that f o p G 21q(X, F) for 
some a <uJi. Then f G 21q(X, F). 

We point out that this result is quite abstract and that the range space F is 
just a topological vector space - no local convexity, metrizability or completeness 
is required. The proof is given in the next section and is rather elementary. Of 
course, the most interesting case is that of Frechet range. In this setting we get the 
following corollary. 

Theorem 1.2. Let either 

(a) X = {Be»,w*), where E is a (real or complex) Banach space which is 
isomorphic to a complemented subspace of a (real or complex) Li-predual 
El, or 

(b) X is a compact convex set such that 2l(X, F) is isomorphic to a comple¬ 
mented subspace of an Li-predual Ei over F. 

If E is a Frechet space, then any strongly affine f G CffiX, F) belongs to 21i+q,(-^, F). 
If ext Be* is moreover F„ in the weak* topology, 1 -I- a can be replaced by a. 

Recall that a (real or complex) Fi-predual is a (real or complex) Banach space 
whose dual is isometric to a space of the form Liffi) for some non-negative measure 
p. The letter F stands for R. or C. 

As an immediate consequence we get the following result. 


Corollary 1.3. 
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• The Banach space E constructed in [9] is not isomorphic to a complemented 
subspace of an Li-predual. 

• Let X be any of the simplices constructed in |S1 Theorem 1.1], then 2l(X) 
is not isomorphic to a complemented subspace of a C{K) space. (In fact, 
2 l(X) is even not isomorphic to a complemented subspace o/ 2 l(y), where 
Y is a simplex with extT being Fa-.) 

Proof. By [9] there is a strongly affine function on {Be*,w*) which is in the class 
C2 but not in 21 q , for any a < uji. If X is any of the simplices from [SJ Theorem 
1.1], then there is a strongly affine function / € C 2 iX) \ 2 l 2 (X). Hence both cases 
indeed follow from Theorem 1 1.2 1 □ 

Remark 1.4. The complementability condition in Theorem ll.ll is sufhcient but not 
necessary. For example, if K is any compact space and F’ is a Frechet space, then 
the space coincide with the subspace of Ca{M^{K),F) consisting 

of strongly affine mappings (by [U Theorem 2.5]). Therefore, if both X and Y 
are of the form Xi^{K) for some compact space K, the conclusion follows from 
Theorem B and [ 6 l Proposition 5.29]. Further, one can easily find X and Y of 
this form and choose (p such that (p*{‘Ql{Y)) is not complemented in Ql{X). Indeed, 
choose compact spaces K and L and a continuous surjection ip: K ^ L such that 
ip*{C{L)) is not complemented in C{K). (One can take K to be the Cantor set 
{0,1}^, L to be the unit interval and ip: K Lhe the standard surjection. Then 
ip*{C{L)) is not complemented in C{K), which follows e.g. from jS] Lemma 2.7].) 
Further, let ip : M.^{K) M.^{L) assign to each p, e M^{K) its image under ip. 

Then p is an affine continuous surjection and </ 3 *( 2 t(Al^(L))) is not complemented 
in 2l(A4i(iL)). 


2. Proof of the main abstract result 

The aim of this section is to prove Theorem 11.11 To do that we need several 
lemmata. We point out that all vector spaces in this section are supposed to be 
real. The results of this section can be also used for complex vector spaces if we 
forget the complex multiplication and look at them as at real spaces. 

If X is a compact convex set and x € X, we will denote by Ex the respective 
evaluation functional, i.e., 

Sxiu) = u{x), u S 2l(X). 

Then clearly Ex € 2l(X)* and ||e 2 ,|| = 1 for each x € X. Moreover, we have the 
following lemma. 

Lemma 2.1. Let X be a compact convex set. Then the following assertions hold. 

(i) The mapping e: x ^ Ex is an affine homeomorphism of X into (2t(X)*, li;*). 
Moreover, e(^) = {p & 2l(X)*; 77 > 0 & p{l) = 1}. 

(ii) For any p € 2l(X)* there are xi,X 2 € X and 01,02 > 0 such that p = 
OiExi - 02£a:2 and ||r7|| = Oi + 02. 

(hi) The weak topology on 2l(X) coincides with the topology of pointwise con¬ 
vergence on X. 

Proof. The assertions (i) and (ii) are proved in ( 6 ] Proposition 4.31(a,b)]. The 
assertion (iii) follows immediately from (ii). 

Since we will use it later, we indicate how to find a;i,X 2 S X and 01,02 > 0 
provided by (ii). Let p G 2l(X)* be given. By the Hahn-Banach theorem the 
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functional rj can be extended to some fj G C(X)* with the same norm. By the Riesz 
representation theorem the functional fj is represented by a signed Radon measure 
^ on X. We set ai = H'^{X) and 02 = n~{X). If m = 0, let X\ G X he arbitrary; 
if tti > 0, let xi be the barycenter of The point X 2 is defined analogously. □ 

In the sequel we will use the following notation. If X and Y are two convex 
subsets of some vector spaces, by AfF(X, Y) we denote the set of all affine mappings 
defined on X with values in Y. Further, if E and F are vector spaces, Lm{E, F) 
will denote the vector space of all linear operators from E to F. 

Lemma 2.2. Let X be a compact convex set and F a vector space. For any 
affine mapping f: X ^ F there is a unique linear map Lf. 21(A)* —>■ F such that 
= f{x) for each x G X. Moreover, the operator L: f 1 —Lf is a linear 
hijection of the space Aff(A, F) onto the space Lin(2l(A)*, F). 

Proof. This essentially follows from Exercise 4.48], where a similar assertion is 
shown for scalar functions. Let us indicate the proof, li p G 21(A)*, let xi,X 2 G X 
and oi, 02 > 0 be provided by Lemma [2dT iil. We have to set 

Lf{p) = aif{xi) - a2fix2). 

Hence the uniqueness is clear. It remains to observe that this formula correctly 
defines a linear mapping. To see that the definition of F/ is correct it is enough to 
check that 

Xl,X 2 ,yi,y 2 & A, Oi, 02 , & 1 , &2 > 0, aiEx^ — a 2 Sx 2 = ~ 

^ aif{xi) - a 2 f{x 2 ) = bifiyi) - 62 /( 2 / 2 ), 

which easily follows from the fact that both e and / are affine maps. Now, F/ is 
clearly affine and Lf{0) = 0, hence F/ is linear. 

It is clear that the operator F is linear. Moreover, if T : 21(A)* —5> F is a linear 
mapping, then T = Fyoe, hence F is a linear bijection. □ 

Lemma 2.3. Let X be a compact convex set and F a topological vector space. Let 
L : f ^ Lf be the operator from Lem,m,a \2.St Then the following assertions hold. 

(i) L is a homeomorphism of AS(X, F) onto Lin(2l(A)*, F), when both spaces 
are equipped with the pointwise convergence topology. 

(ii) Lf is bounded if and only if f is bounded. 

(hi) Lf is weak* -continuous on F 2 i(x)* xnd only if f is continuous. 

(iv) Lf G Fq(21(A)*,F) if and only if f G 21q,(A, F). Here F(j(2l(A)*, F) = 
(F(2l(A)*, F))q,, where F(2t(A)*,F) is the subspace o/Lin(2l(A)*, F) con¬ 
sisting of maps which are weak*-continuous on the unit ball. 

Proof, (i) Given p G 2t(A*) fix xi, 2:2 G X and oi, 02 > 0 provided by Lemma [2dT iil. 
Then for any / G Aff(A, F) we have Lf{p) = aif(xi) — a 2 f{x 2 ), thus the mapping 
/ i-A Lf{p) is continuous in the pointwise convergence topology. It follows that F 
is continuous. 

Conversely, given x G X we have L~^{T){x) = T{£x) for T G Lin(2l(A)*,F), 
hence T i-A L~^(T)(x) is continuous in the pointwise convergence topology. It 
follows that F“^ is continuous. 

(ii) If F/ is bounded, i.e., if F/(i?(a(x)*) is bounded in F, then / = F/ oe is also 
bounded as e(A) C 
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Conversely, let / be bounded, i.e., let f{X) be bounded. We will show that 
Lf{B^(^x)‘) is bounded as well. To this end let U be any neighborhood of zero in 
F. Let C be a balanced neighborhood of zero in F such that V + V C U. Since 
f{X) is bounded, there is A > 0 with f{X) C XV. Let ry S be arbitrary. Fix 

xi,X 2 € X and 01,02 > 0 provided by Lemma [2.If ni . Since oi + 02 < 1, we have 
ai/(a;i) G XV and —a 2 f(x 2 ) G XV. Then Lf{r]) = aif{xi) — a 2 f{x 2 ) G XV + XV C 
XU. Hence Lf{B 2 i(x)*) C XU and the proof is completed. 

(iii) The ‘only if’ part is trivial. Let us show the ‘if’ part. Suppose that / is 
continuous. Set 

K = X X X X {(oi, 02 ) G oi 0, 02 ^ 0, oi + 02 ^ 1}. 

Then K is a compact space. Moreover, define mappings ip : K ^ B- 2 ^(^x)* and 
g : K ^ F hy the formulas 

2 : 2 , 01 , 02 ) = aiExi - a 2 ex 2 , 

3 ( 21 , 2 : 2 , oi, 02 ) = 01 /( 21 ) - 02 /( 22 ). 

Then ip is a continuous mapping of K onto (i 32 i(x)*j a;*), g is continuous and 
g = Lf o Ip. It follows that Lf is continuous on (Hgiyx)*, o’*) which was to be 
proved. 

(iv) This assertion follows by transfinite induction from (iii) since, due to (i), 

fn^f pointwise on K if and only if L/„ Lf pointwise. □ 

Lemma 2.4. Let X he a compact convex set and let L : f i-P- Lf be the operator 
provided by Lemma l^TB in case F = M.. Then L is a linear isometry o/2tb(X), the 
space of all bounded affine functions on X equipped with the supremum norm, onto 
2t(X)**. Moreover, it is a homeomorphism from the pointwise convergence topology 
to the weak* topology and its restriction to 2 l(X) is the canonical embedding of 
2 l(X) into its second dual. 

Proof. This is an easy consequence of Lemma 12.31 (It also follows from [5J Propo¬ 
sition 4.32].) □ 

In the sequel we will identify 2l(X)** and '^b{X). 

Proof of Theorem \l.li Fix a bounded linear projection Pq ’ 2l(X) —^ (p*(fl{Y)) and 
set P = iip*)~^ o Pq. Then P : 2l(X) —)• 2l(y) is a bounded linear operator such 
that Po(p* is the identity map on 2l(y). Recall that tp* is defined by (p*{f) = foip, 

f G 2 i(r). 

The dual operator tp**: Ql{X)* —>■ ‘Ql{Y)* satisfies 

( 2 . 1 ) p>**(ex)=e^^x), xeX. 

Indeed, for any x € X and g G 21 (T) we have 

‘f**{£x)i9) = ex{(p*ig)) = e^ig o <p) = gipix)) = 

Let P be a topological vector space and let / : X —>■ P be affine. We define an 
affine map Qf:Y —>■ P by the formula 

(2.2) Qf{y) = Lf{P*ey), y€Y. 

It is clear that Qf is affine since it is a composition of three affine maps. Moreover, 
Qf G 21q(F, P) whenever / G 2la(X, P). Indeed, the mapping e is continuous from 
Y to (21(F)*, ti;*), P* is weak*-to-weak* continuous and P*{s(Y)) C \\P\\ B^i^x)* ■ 
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Further, if / S 2la(X, F), then by Lemma ivi. L/ € La(^(X)*, F), hence, in 
particular, L/ € 21q((||P|| ^w*), F). Thus we get in this case Qf G 2la(T, F). 

The proof will be completed if we show that Q{goip) = g for each affine g :Y ^ 
F. So, fix an affine map g : Y ^ F and y GY. Then P*{ey) G 2l(X)*, hence, by 
Lemmawe can find xi,X 2 G X and oi, 02 > 0 such that P*(£y) = 01 ^ 3 ,^ — 026^2 
and oi + 02 < ||F||. We have 

Q{g ° ‘P)iy) = Lgo^{P*ey) = ai{go (p){xi) - 02(5 o (p){x 2 ) 

= aig{ip{xi)) - 025 (^ 5 ( 2 : 2 )) = aiLg(e,^( 3 „)) - 02 ^ 9 (£<^( 3 . 2 )) 

= Lg(^ai£^(^2;i) ® 2 £(^( 3 ; 2 )) “ Lgiflig) (£ 3 : 1 ) 02^5 (^ 2 : 2 )) 

= Lg{y>**{a^e2,, - a2£.J) = Lg{g,**[P*{sy))) 

= LgiiP O ip*)*i£y)) = LgiSy) = g{y). 

Indeed, the first four equalities follow from the definitions. The fifth one follows 
from the linearity of Lg. The sixth equality is a consequence of m, the seventh 
one follows from the linearity of ip**. The next one follows from the choice of 
Oi, 02 , cci, X 2 . In the following two equalities we use that (p** o P* = {P o p*)* = 
(id 2 i(y))* = id 2 i(y).. Finally, the last one follows from the definition of Lg. □ 


3. Applications to affine classes of strongly affine Baire mappings 


The aim of this section is to prove Theorem 1 1.2 1 We will need several lemmata. 
The first one shows an easy correspondence between complementability of Ba¬ 
nach spaces and complementability of spaces of affine continuous functions. 


Lemma 3.1. Let E 2 he a eomplemented subspaee of a Banach space Ei. Let 
TT : El —^ El be the restriction mapping. Then TT*(f^(BE*,w*)) is complemented in 


^iBEi,W*). 


Proof. Let us first give the proof for real spaces. Let P: Ei -G E 2 he a bounded 
linear projection. For any / G %{Bei,w*) there is a unique xj G Ei such that 
f{x*) = /(O) -I- x*{xf) for any x* G Be^- Hence we can define a bounded linear 
operator Q : 2t(i?£;* ,w*) ^ 2t(i?£;* ,w*) by 

Qf{x*) = f{h) + x*{Pxf), X* GBe>J G^{Be>,w*). 

Then tt* o Q is the required projection. 

Now suppose that Ei and E 2 are complex spaces. Again, let P: Ei E 2 
be a bounded linear projection. If / S 2l((i?£;*, w*), C), then there are uniquely 
determined Xf,yf G Ei such that 

fix*) = fiQ) + x*{xf)+x*{yf), X* G Be-, 

and, moreover, the assignment f ^ Xf is a bounded linear map and f ^ yf is a 
bounded conjugate-linear map (this follows, for example, from [U Lemma 3.11(a)]). 
Hence, we can define a bounded linear operator 


by 


Qo: -G %{{Be-,w*),C) 


Qofix*)=f{0)+x*iPxf) + x*{Pyf), X* GBE-,f G%{Be-,w*),C). 

Then a required bounded linear projection Q : 2l(H£;*,tc*) —>• Tr*{i^{BE*,w*)) can 

be defined by Q/= TT*(ReQo/)- HI 
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The second lemma is a trivial observation on isomorphic spaces. 

Lemma 3.2. Let T: Ei ^ E 2 be a surjective isomorphism of Banach spaces and F 
be a vector space. Then there is a unique linear map T : AS.[Be* , F) —> AS.{Be* , F) 
such that for any real-linear map L : E^ ^ F we have T{L\b^, ) = {L o T*)\b^, ■ 

Moreover, T is a linear bisection and, if F is a topological vector space and 
f G AS{Be», F), the following assertions hold. 

• T is a homeomorphism when both spaces are equipped with the pointwise 
convergence topology. 

• T f is continuous if and only if f is continuous. 

• f f GCa{fBE*jW*),F) if and only if f G Ca{{BE*,w*), F). 

• ff G^a{{BE*,w*),F) if and only if f G^a{{BE*,w*),F). 

Further, if F is Frechet space, 

• T f is strongly affine if and only if f is strongly affine. 

Proof. Let / G AS{Be* , F). Then there is a real-linear mapping Uf. E* — 5 > F such 
that / = /(O) + C//|be. ■ It is enough to set T/ = /(O) -I- (17/ oT*)\be, ■ 

We will need also the following lemma which summarizes complex versions of 
some lemmata from the previous section. 

Lemma 3.3. Let X be a compact convex set. 

(i) For any rj G 2l(7f,C)* there exist xi,a; 2 ,X 3 , 2:4 G X and 01 , 02 , 03,04 > 0 
such that 01 - 1 - 02 - 1 - 03 - 1-04 < 2 ||? 7 || and rj = aiEx^ —a 2 Sx 2 +*( 03 ^x 3 — 0 . 46 x 4 ). 

(ii) If F is a complex vector space and f G Aff(7f, F), then there is a unique 
Lf G Lin(2l(A, C)*, F) such that Lf(ex) = f{x) for each x G X. Moreover, 
the operator L\ f ^ Lf is a linear bijection. 

(hi) If F is a complex topological vector space, then the operator L has the 
properties from Lemma I A. 91 

Proof, (i) This assertion can be derived from Lemma |2. If hi. However, we present 
a direct proof, since we will later use the construction. Let p G 2l(X, C)*. By the 
Hahn-Banach theorem we can choose fj G C(X,C)* extending rj and having the 
same norm. Fix a complex Radon measure p on X which represents i) (by the 
Riesz representation theorem). We set 

Oi = (Re/t)+(X), 02 = (Re/r)“(X), 03 = (Im/r)+(A), 04 = (Im/i)“(A). 

If oi = 0, let xi G Xhe arbitrary. If oi > 0, let xi be the barycenter of (Re/t+)/oi. 
Similarly we define X 2 , X 3 and X 4 . 

(ii) Let / G Aff(7f, F). Given ly G 2t(A, C)*, fix a representation of r] by (i). We 
have to set 

Lf{f]) = Oi/(xi) - 02 /(x 2 ) + f(o 3 /(x 3 ) - 04 /(x 4 )). 

Therefore, the uniqueness is clear. To see that Lf is well defined, it is enough to 
check that 

Xl,X 2 ,X 3 ,X 4 ,yi,y 2 ,y 3 ,y 4 G X, 01 , 02 , 03 , 04 , & 1 ,& 2 ,& 3 , 1'4 > 0, 

046 x 4 02 £^a :2 F i{o36x2 04 ^ 3 , 4 ) = blEy^ b 26 y 2 F f(1^3^y3 

Olfixi) - 02 /(x 2 ) F *( 03 /(x 3 ) - 04 /(x 4 )) 

= bifiyi) - h 2 f{y 2 ) F iibsfivs) - & 4 /(j/ 4 )), 
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which easily follows from the fact that e and / are affine. It is clear that Lf is affine. 
Since Lf{0) = 0 and Lfiirf) = iLf{r]) for t] G 2l(X, C)*, we get that Lf is linear. 
Further, the operator L is obviously linear. Since for any T G Lin(2l(X, C)*, F) we 
have T = Lroe, F is a linear bijection. 

(iii) The proof is analogous to the real case. □ 

Lemma 3.4. Let X be a compact convex set, F a Frechet space over¥ and f: X ^ 
F a strongly affine mapping which belongs to Ca{X,F) for some a < coi. Let 
Lf: 2l(X, F)* F he the linear map provided by Lemma \2.1\ or Lemma \3.3\ . Then 
“ strongly affine mapping which belongs to Ca((B2i(x.F)*, w*), F"). 

Proof. Let us denote by F) the space of all F-valued Radon measures on X 

considered as the dual space to C(X, F) equipped with the weak* topology. For 
any bounded Baire function g: X ^ T let us define a mapping g : i?A^(A,F) F 
by setting g(/r) = gdp,. The integral is considered in the Pettis sense, see [U 
Section 1.3]. The mapping g is well defined by [H Lemma 3.6]. 

Moreover, g G ^a{BM(x,¥)T F) whenever g G CffiXffi). We will prove it by 
transfinite induction on a. Let a = 0, i.e., let g be continuous. Then for each 
T G F* the function t o g is continuous, thus the mapping 

/r i-A r(g(/r)) = / Togdp,, H € 

Jx 

is continuous by the very definition of the weak* topology. Thus g is continuous 
from Bxi{x,r) to the weak topology of F. Further, the range of g is contained in the 
closed absolutely convex hull of g{X) (by [H Lemma 3.5(c)]). Since g{X) is compact, 
we deduce that ffiX) is relatively compact by [3l Proposition 6.7.2]. Hence the weak 
topology coincides with the original one on g{X), so g is continuous. Finally, it is 
clear that g is affine. 

Let a G (OjWi) be such that the statement hold for each /3 < oji. Let g G 
Ca{X, F) be a bounded function. Then there is a uniformly bounded sequence ((?„) 
in [Ji^^^Cp{X, F) pointwise converging to g. Indeed, by [H Lemma 3.1(c)] we get 
that g G Ca{X,COg{X)) and the set co( 7 (Ff) is bounded. Now it follows from [H 
Theorem 3.7] that (fn g pointwise. Since by the induction hypothesis we have 
g~n e [Ji 3 <a^hiBMix,¥), F), we conclude g G 'Qla{BM(x,¥), F). 

We return to the proof of the lemma. Let X,F,f,a be as in the statement. 
Since / is bounded by [H Lemma 4.1], we get / G i2ia{Bj^4(^x,¥), F)- Further, let 
TT : A4(Ff,F) —^ 2 l(J'f,F)* be the restriction map (recall that A4(Ff,F) is identified 
with C(X, F)*). We claim that 

(3-1) f = {Lf 0 7T)\Bxn^^^y 

Since the mappings on both sides are restrictions of linear operators, it is enough to 
check that they agree on probability measures. Let p. G Ai^{X). Then 7r(/r) = 
hence 

Lf{TT{ffi) = Lf{er{^)) = f{rffi)) = J /d/r = f{ffi, 

where we used the definitions and the assumption that / is strongly affine. 

Finally, tt is a continuous affine surjection. Since / G ^a{BMix,¥), F)^ by Theo¬ 
rem B we conclude that G Ca((Ha(A,F)*, w*), F) and L/|(Ba(x,F)* :>«*) 

is strongly affine by [ 6 l Proposition 5.29] and [H Fact 1.2]. □ 
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Proof of Theorem \l.S[ (a) Let Ei be an Li-predual, E a Banach space isomorphic 
to a complemented subspace of Ei and X = {Be* ,w*). Further, let F" be a Frechet 
space, a < oji and / e Ca{X,E) a strongly affine function. Fix T : E ^ Ei a.n 
isomorphism of E onto a complemented subspace of Ei. Denote E 2 = T{E) and 
let TT : El —> E 2 denote the restriction mapping. 

Let g = Tf (see Lemma [3?^ . Then g is strongly affine and g G Ca{{BE*,w*),E) 
(by Lemma [3.21) . Hence g o tt is a strongly affine function in Ca{{B e* t w*), E). By 
[31 Theorem 2.5] we get g o ir G ^i+a{{BE*,w*), F). Therefore, by Lemma [5TT] 
and Theorem o we get g G ^i+a{{BE*,'w*),F). By Lemma 15^ we conclude that 
/g21i+„(X,F). 

If ext Be* is moreover a weak* F^-set, from [31 Theorem 2.5] we obtain 5 o tt G 
^a{{BE*,w*),F), therefore we conclude / G ^a{X,F). 

(b) Let us start by the real case. Hence, let Ei be a real Li-predual, X a 
compact convex space, T: 2 l(X) —^ Ei an isomorphism onto a complemented 
subspace. Let F be a Frechet space and f: X ^ F a strongly affine function 
which belongs to Cc,{X,F). Without loss of generality we can suppose that F 
is real (if F is complex, we can forget complex multiplication and consider F as 
a real space). By Lemma [3.41 the mapping Lfls^^xv)* strongly affine and be¬ 
longs to Cai{B9i(x¥)*,w*),F). Therefore by the already proved case (a) we get 

f), to.ce / E 

If F = C and F is complex, the proof can be done in the same way as in the real 
case. 

Finally, suppose that F = C and F is real. Let Fc be the complexification of F. 
By the previous case we get / G ^c)- Since the canonical projection of Fc 

onto F is real-linear and continuous, we get / G %i^a{X,F). 

If ext Bei is weak* F^, 1 a can be replaced by a as in the case (a). □ 
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